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Solutions to practice questions - Chapter 7

Solution 7.1

Survival for a period of time means remaining a member of the group for this period, in other words, avoiding all

the modes of decrement.

Solution 7.2
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Solution 7.3

From the formulas for the force functions, we have:
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Solution 7.4
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Solution 7.5

The joint density function is not a probability, but fr ; (t,j)dt is approximately the probability that life (x)

departs the group between times ¢ and t+dt as a result of cause j.

Solution 7.6

The waiting time variables T7,..., T, are assumed to be independent. Since T is the minimum of these waiting
times, the event T > ¢ is the intersection of the independent events T; > t . As a result, we have:

P\ = Pr(T > ) = Pr(Ty> t) - Pr(T, > £) = ;i - ypl”)

So for the pair of forces in Question 7.3, we have:
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Solution 7.7

Frg(t) = i D) (x by =
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Solution 7.8
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Solution 7.9
1
g =Pr(T<1,J=1)= jo frp(t,1)dt
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gD+ g — @ 52— 005000 + 0.02532 — 0.05000x0.02532 = 0.07405
Solution 7.10
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Solution 7.11
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We could have also done this without integration:

Pr(]=1|T:t)='u(1)(x+t)= 1/(20-1) _2 for 0 <t <20
,u(T)(x+t) 1.5/(20-t) 3

= T and ] are independent = Pr(J=1)=Pr(J=1|T =¢) :é
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Solution 7.12

From the table we have:

q(l) _ =0.04 , qJ(CZ) _

6 —=0.06
100 100

The SUDD relations are:

0.04 =gV = g (1 - o.5q;§2))

0.06 =g = ¢ (1-05¢")

Let’s try the iterative approach:
) 0.04 () 006
T 1-05¢®@ 1-05q'"
g»=006 = gV=0041237 = ¢@= 0061263 = ¢V =0.041264
= ¢P=0061264 = ¢V=0041264 = '@ = 0.061264

The 6-place stable results are: q'(l) =0.041264 , q;(z) 0.061264

Solutions to practice questions — Chapter 7

Solution 7.13

From the table we have:

W_ 4 _gm -0
x * 1 100

=0.06 , g\ =010 ,
100

pl7) =0.90

The MUDD model results in:

1, (z)
, , ) \Ix /9x
7 =1-p =1 (pl?) =

2), (2)
g =1-p® =1 (pg;))‘” I5 12 (0.90)%%6/010 _ g 061260

1-(0.90)*%4/910 _ 0 041268

Solution 7.14

SUDD = ,p\)=p/™ pi® =(1-0.041264)(1-0.061264¢)
=1 -0.102528t + 0.002528 2
MUDD = ,p\)=1-t4{") =1-0.10¢
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Solution 7.15

Under the MUDD model we saw that:

fT,](tr])—kW,(/) where k=[t]

dV 4
= fT,] (05' )_ O|q3(c1) = l(T) = TN

X

Solution 7.16

We have the following generally valid relation:
0.04=g'" = I @ @ 1) (x+t)dt

Since decrement (1) follows the SUDD model, we have:

(1) _

gV =tg® = @ P )(x+t) =g’V for 0<t<1

For decrement (2) we have:

2 =(p? )t

Substituting these results into the first equation results in the relation:

0.04 = g0V _J‘ @ O ) (x41) dt_j q,(l)( ,(2)) dt

7(2) I(l) 1(2)

_q;u)_lp _ G 4y
o)) (-]
Solution 7.17
By the discrete time method, we have:
006=g = > |J[nr | Pr(Ta=t;) = (1 05q'<1>)Pr( T, =0.5) =(1—o.5q;§1>)q;§2>
Oéi’kﬁl ]¢2

Pr(Ty =t )#0
We also have the generally valid relation:

0.10=¢" + ¢@ = gV 4 g@ _ g 4i)
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If you subtract the first relation from the generally valid relation, then you will have 2 relations that are identical

to the relations that result if both decrements follow the SUDD model. So the result will be the same as in
Question 7.12.

Solution 7.18

The random present value variable for the benefit is:
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From the force formulas we can calculate the joint pdf fr ; (t,]):

,u%) (t)= ﬁ for 0<t<60 = ,;pV= % for 0 <t <60 (zero otherwise)

"‘é%)) (t)=0.01 fort>0 = tP;(z) _ 001t

B ~0.01¢
fr,; (1) :tpff),u(l) (x+t)= (620 tje_o'ou x % = 0 for 0 <t <60
001
60—t o001 007 = (60 t)e
60 6,000

fT,] (t,2) = tP;((T),U(z) (X+t) = ( for 0 <t <60

So the single benefit premium is:

j=1

2 o0
E12)= 3 (], 20 S (01)at
= [ 71,0006 0% £ (£, 1)dt + [ "2,0000 0% £ (,2)at
0.01¢

= Iso(l,oooe—o.oa)[%jdt . ISO(ZfOOOe‘O'OSt)(M]dt

6,000

Solution 7.19

APV =

1,004 1,0004a." 2,000 2,000 0"
1.05 1.052 1.05 1.052
~1,000(0.035) N 1,000(0.045) . 2,000(0.001) . 2,000(0.002)

1.05 1.052 1.05 1.052
~79.68254
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Solution 7.20
Since the premiums are paid at time 0 and at time 1 (if surviving), the APV of premium is equal to:

964 /1,000

P+Popl?) =P [1 =

) =1.91810P

As a result of the equivalence principle, we have:

1.91810P = APV of Premium = APV of Benefit = 79.68254
= P =4154254

Solution 7.21

All members of the pension plan must retire at age 65 at the latest. However, in this plan the employer also
allows some members to retire earlier. Benefits are based on the total length of time in employment, which
includes the ten years that this member has worked prior to age 63. So, if the plan member retires at age 64 years
and 6 months he will receive a benefit based on his 11.5 years in employment. Hence, the actuarial present value
of the normal retirement benefits is given by:

105 dgg (1.06)° L ) (1.06)13 w12 g (106

40,000 + X X +— a
, 1 . 05 %635 77 . 15 %645 77 (z) 2765
00 123) (1.07) 00 123) (1.07) 00 [0 (1.07)

05 2
_ 40,000 105, 110 (106 o 115 L (106)" 15942 12 476 (106 .. ¢
100 1, 000 (1. 07)05 100 1, 000 (1. 07) 100 1,000 (1_07)2
=$51,362.47

This pension plan offers higher benefits to members who are forced to retire through ill health. The benefits are
based on the number of years that would have been worked if the member had remained healthy until age 65.
This would be a particularly valuable benefit for someone who became disabled through an accident at an early
age for example. However, an illness that forces a worker to retire may also have an impact on their life
expectancy, so we value the annuity using a higher rate of mortality. Hence, the actuarial present value of the
ill-health retirement benefits is given by:

2
40,000| 12 %63 i (106" 2 12 dé4) xMag4)5
100 lgg) (1.07)%2 100 lgg) (1.07)+> %

_ 40,000 12470 (1.06)05 12 9% (1.06)1-5X123
100 1,000 (1.07)05 100 1,000 (1_07)15 '
=$9,777.57
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When a member withdraws from the pension plan, perhaps to take up a job elsewhere, the plan offers a deferred
pension payable from age 65. Benefits are based on the salary and years of employment at the date of
withdrawal. So, the actuarial present value of the withdrawal benefits is given by:

(3) 0.5 (3 15
40,000 10.5 o d63 o (1.06) aé15) N 11.5 y d64 “ (1.06) 61215)
100 lgg) (1.07)? 100 lé? (1.07)?

0.5 1.5
105 5 (106" o 115 35  (106) ><14.9J

= 40,000 : x
{100 1,000 (1.07)? 100 1,000  (1.07)

=$5,381.83

If the plan member dies, the pension plan pays a lump sum of 4 times his salary at the time of death. We are
assuming that deaths occur half way through the year. So, if the plan member dies at age 63 years and 6 months
(and has not already retired or withdrawn from the scheme) he will receive a benefit based on a salary of $40,000
plus salary increases for half a year. Hence, the actuarial present value of the death benefits is given by:

4x40,000 X + X
o @on®™ L) @.o7)!®

ds) (1.06)°5  di) (1.06)1'5}

=160,000

6 (106> 8 (106)!°
X + X
1,000 (1.07)%° 1,000 (1.07)°

=$2,217.60

So, the total value of plan benefits for this member is $68,739.47.
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