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Solutions to practice questions - Chapter 6

Solution 6.1

It means that the time until the second death is more than 10 years. So after 10 years, at least one of the two lives
is surviving.

Solution 6.2

It means that the first death must occur within 10 years. This does not exclude the possibility that the second
death might also occur within 10 years.

Solution 6.3

With an assumption of constant force, we have ;p, =p, = 0025t

Question 6.1: probability calculation
Pr(T(SO,—60) > 10) =1~ ;550 (10) =1~ 107556 = 1 ~ 10950 1060~ (independence)
=1 (1=10p50)(1= 10760 )=1—(1 —e 0% )2 =0.95107
Question 6.2: probability calculation
Pr(T (50,60) < 10) =Fr(s9 60) (10) =1-10pso.e0 = 1 ~ 10750 10760 (independence)

-1- (e‘°~25 )2 -0.39347

Solution 6.4

The additive probability law results in the following:
tPry =Pr({T(x) > t} v (T(y) > t))
=Pr(T(x) > t)+ Pr(T(y) > t) - Pr({T(x) >t (T(y) > t))

= tPx T 1Py — tPxy T tPx T tPy ~ tPx tPy

with independence
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Solution 6.5

From the force formulas that are given you can compute the survival functions:

tPx =exp(—jgﬂx (S)ds] = exp[—jé 301_5 dsj for 0<t <30
30—t

= exp (In (30— s)| :) )zexp(ln(30 -t)-In(30)) = T (de Moivre's law)

Similarly, we have ;p, =¢7 003 forall t> 0. We have the following life expectancies:

. 30 30 30—+, 900 —30%/2
€X=I0 tpxdtzj = =

dt 15
0 30 30
-0.03¢ |*
s =™ _[®,003 5, _ _€ _0-1_
ey = IO tpy dt = IO e = ] = o = 33.33333
I 30 (30-1)e 0B 9090 [ (140.03¢)¢ 00|
€y :J. tPx tP dt:J. dt = +
b ’ 0 30 0.03 0.032 x30

=19.78101 — 8.42658 = 11.35443

= é’@ =&y + €y — &y = 36.97890

30

o

Solution 6.6

Pr(10 <T(x,y) < 20) = 209xy ~ 109%y; = 209x 209y ~109x 109y

= (1—20px)(1—20py) - (1-10Px)(1‘10py)

- (1—%)(1 —e0) {1—%)(1 ~e0%0)

=0.21440

Solution 6.7

Due to independence of the lifetimes and the fact that ;p, =0 for t > 30, we have:
fT(x,y) (t): tPxy Hxy (t) =tPx tPy (/U(x + t)—i-,u(y + t))

_30-t x ¢ 0-03¢ (—1 + 0.03) for 0<t<30
30 30—t
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Solution 6.8

— 30
1,000 4, =1,000 O 0 (b

30 —
=1,000 j . ¢ 005t %xe_omt (L + 0.03) dt

30—t
_ 1,000 (30 _08¢
=~ UO e 08 (1 +0.03(30 - 1)) dt
30 30
:m[wj e 008 4t —0.03[ "o 00 dtj
30 0 0
1,000| , [1-e2* (1+0 08t)e_0'08t|30
-——2119 +0.03 —
30 0082 |
0
= 1’3?50 (21.59545 — 3.24168) =611.79220
Solution 6.9
N _ 1,000A,,  1,0004,,
Py, =1,0004,, = P=——F =" = 78.79700
By (1-Ay)/6
Solution 6.10

1,000 Ay = 1,004, +1,0004, —1,0004,,
_ 1,000z 1,0004

- 611.79220
30. H+ o Solution 6.9
de Moivre  constant force
law shortcut shortcut

=517.91323 + 375 — 611.79220 = 281.12103

Solution 6.11

The symbol 1,000 Ago%)ﬂ is the APV for a continuous joint life 10-year term insurance of 1,000 on a pair of lives

currently aged 50 and 60. The benefit of 1,000 is payable immediately at the time the status fails (ie at the time of
the first death), provided it fails within 10 years.

Solution 6.12

1,000A50F:6\0:ﬂ=jO 1,000 e 1psg ¢peo (1(50+t) + 12(60+t))dt
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Solution 6.13

1
50:60:101
is payable at the time of the second death, provided that it occurs within 10 years.

The symbol 1,000 A is the APV of a continuous last survivor, 10-year term insurance of 1,000. The benefit

Solution 6.14
The relation is:

1

+ 1,000 A50:60:ﬂ

1,000A1

721 _ 7 1
50.70 +1,000A 1,000A5/(E

60:101 — 0:10!

There is a simple intuitive explanation of the relation. The APV’s on the left side would purchase benefits of 1,000
at the deaths of 50 and 60, provided they occur within 10 years. The right side would purchase 1,000 at the first
death and 1,000 at the second death, provided that they occur within 10 years. Since the benefit patterns are the
same, the APV’s must be the same.

You could also construct a mathematically precise proof based on the following:

{T(50),T(60)} = {T(50,60),T(50,60)} and

1,000eTCY) i T7(50) < 10
0 otherwise

1,000e T if T(60) < 10

0 otherwise

0 otherwise

1,000e~T%%0) if 7(50,60) < 10

0 otherwise

{1,000[‘”(50'60) if T(50,60) < 10
7y =
1

Now take an expected value of this final equation to produce the desired relation.

Solution 6.15

q,=0.025, 4,,1=0.035 , i=0.06 =
2
qxle—pxle—(px) =0.04938

2 2
1|qxx: pxx_prx:(Px) _(ZPx) =0.06538
1 2
LO00AL -1 =1,000(0gy, + 01 |qyy ) = 10476747
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Solution 6.16
) 0.975
i, 51 =1+0py=1+ Toe - 1.89682
_—_— 1 10476747
Pi, 5 =1,000A= 5 = P = 8065 55.23333
Solution 6.17
Event Loss function value Probability
K(x,x)=0 1,000 /1.06 — 55.23333=888.16289 Gy =0.04938
K(x,x)=1 1,000 /1.06> —55.23333(1+v)=782.65619 1| g, =0.06538
K(x,x)22 0 — 55.23333(1+v)=-107.34025 2Py =0.88525

The expected loss function is zero, so the variance is the same as the second moment:

var(L)=E[ 1* | -(E[L])" =E[ 1| - 0
~ (888.16289)? x 0.04938 + (782.65619)° x 0.06538 + (~107.34025)? x 0.88525
- 89,196

Solution 6.18

109xy = 109x T 109y ~ 109yy

= Fr(a),1(y) (10, 30) + Fr(),1(y) (30, 10) - Fr(x),1(y) (10, 10)
=0.45534 + 0.45534 — 0.22222 = 0.68846

Solution 6.19
With de Moivre’s law we have [, =90 — x, so the appropriate survival functions are:

tP50 40

for t <40 tPZOZ% for t <30

« o« . 1,200-70t +4
tP50:60 = tP50 tP60 = 1,200

_at 1,200-70¢ ++2
B 1,200

for + <30

ko -0.02¢
tPs0-60 = P50 tP60 € x e for t+ <30

1095060 — 10950:60 = 10P50.60 = 10P50:60 = 0-50000 —0.40937 = 0.09063
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Solution 6.20
[, =90-x
40— ,
P50 = fort <40 and 0 otherwise
t960=1-— l(’lo—” _ L fort <30 and 1 otherwise
60
40t 2

if+<30

1,200

= P50 t960 = % if30 <t <40

0 if +>40

1,000 (60)|E50 = j(:o 1107 x P50 1960 % 1,000dt  (current payment method)

discount  probability amount
30 40t —t2 40 -
~1,000 [ Y1107 < 2E +1,000f 1107 x 0=t 4
0 1,200 30 0

7
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