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Solutions to practice questions - Chapter 7

Solution 7.1

Z(1)2 will be greater than 4 if Z(1) is greater than 2 or if it is less than -2:
P[Z(1)? > 4] = P[Z(1) > 2]+ P[Z(1) < 2]
Since Z(0)=0, Z(1) is the same as the increment Z(1)—Z(0), and this hasa N(0,1) distribution.
So: P[Z(1) > 2]=P[N(0,1) >2]=0.0228 (from statistical tables)
and  P[Z(1)<-2]=P[N(0,1) <—2]=0.0228

So:  P[Z(1)? >4]=0.0228+0.0228 = 0.0456

Solution 7.2
We can use the formula p = min[ \/ii , \/i—? ] , with #{ =100 and t, =101. This gives:
2 1

= min 100 \/101 \/100 0.995
101100 101

So the values of Z(100) and Z(101) are almost perfectly correlated.

Solution 7.3

Process (b) mean-reverts to a value of 1.
If X(t)<1, the drift 0.1[1-X(#)] has a positive value, pushing the process upwards (towards 1).
If X(t)>1, the drift 0.1[1-X(t)] has a negative value, pushing the process downwards (again towards 1).

The drift in process (a) always directs the process values away from the value 1. Process (c) and process (d) have a
constant drift, and so cannot be mean-reverting.
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Solution 7.4

Process (a) can be written in the form d4X(t) =0.05X(t)dt+0.05X(¢t)dZ(t). So its drift and volatility are both equal

to 0.05X(t). Since these are both proportional to the process value X(t), this is geometric Brownian motion.

)-
Process (b) can be written in the form dX(t) =-0.05X(t)dt+0.05dZ(t). Its drift is —0.05X(t), which is of the form
[ t)] ,with =0 and 4=0.05, and its volatility is constant. So this is an Ornstein-Uhlenbeck process.

Process (c) can be written in the form dX(t) =0.05dt+0.05dZ(t). Its drift and volatility both have constant values
of 0.05. So this is arithmetic Brownian motion.

Solution 7.5

If C[S(t),t]=1S(t)?, then:

cs=a_c=2t5
0S
2%C
Cog=—7=2t
SS asz
and C; = oC =52
ot

So the SDE for C[S(t),t]=t5(t)*
dC(S, 1) = CsdS+1Css(dS)> +Cydt
d[tS(t)z] = 21545 +1 (21)(dS)? +S2dt
=2t5dS +#(dS)? + S2dt
We can now use the SDE given for the process S(t) to simplify this further:
d[tS(t)z] = 2tS[5dt +10dZ(t)]+ t[5dt + 10dZ(#)]? + S%dt

= 10tS dt +20tSdZ(t) +  (100d#) + S dt
= [100t +10tS+ 82 } dt +20tSdZ(t)

To simplify the squared term in the first line, we've used the relationships (dt)2 =dtdZ(t)=0 and [dZ(if)]2 =dt.
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Solution 7.6

If C[Z(#),t] = ¢*?®), then:

Cy =€ 29220
oZ
F*C 2z
Cypy =——=4e
22="73
and P = %€ 0
ot

So the SDE for C[Z(t),t] = e?*(") is:

dC(Z,t)=CzdZ +1Cy7(dZ)* +Cydt

d[ezz“)] =222z + 1 (4e¥*")(dz)? +0dt

=222 g7 12221 g4y

=227 gt 420220 gz4)

Aguain, weve used the relationship [alZ(i,‘)]2 =dt.

Financial economics (MFE)

Solution 7.7

If C[Z(t), t] = exp [ﬂZ(t) - 0.51%] , then:

Cy =25 jexp [ﬂZ(t) - 0.5/12t] =AC

9z
_PC_ 2,7_ 52
Crz =5 =2 exp[/lZ(t)—O.Sﬂ t}ﬂ C
oC 2 2 2
and  C;=5-=-051 exp[lZ(t)—0.5/1 t}=—0.5/1 C

So the SDE for C[Z(t), t] = exp[ﬂZ(t) -0.51’%] is:
dC(Z,t) =CzdZ +1Cy7(dZ)* +Cydt

d[exp[ﬂZ(t)—O.Sﬂztﬂ —ACZ+ L 227 - 054%Cdt

= 0dt + AC[Z(t), t]dZ(t) or 0dt+/1exp[/12(t)—0.5/12t]d2(t)

The coefficient of dt in this equation is 0. So the process has no drift, ie it is a martingale.
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Solution 7.8

The Sharpe ratio is defined as:

Sharpe ratio = ar
o

where « is the continuously-compounded expected rate of return for the asset
o is the volatility of the asset
and r is the continuously-compounded risk-free interest rate.

The key property of the Sharpe ratio is that the prices of assets that are perfectly correlated must have the same
Sharpe ratio.

If the underlying asset price goes up, the call option price will go up and the put option price will go down. The
prices of the two options are perfectly (negatively) correlated. So they will have the same Sharpe ratio.

Note that it doesn’t matter whether the movements are positively or negatively correlated. So long as they are perfectly
correlated, the Sharpe ratio will be the same.

Solution 7.9

We can calculate the price of this option using the power call option formula:

CPoe" = "¢~ N(dy)~Ke " N(d,)

Eur
The parameter values here are:
n=05, S(0)=100, K=10, T=0.5, r=0.05, =0 and 0=04.
We first need to find:
0, =no, ie 0y5=050=0.5(0.4)=0.2,

and 8, =nd—-(n-1)(r+%no?), ie &5 =05(0)—(0.5-1)(0.05+%(0.5)(0.4)" ) =0.045

s 1 2 100°° 1,092
In| 2~ +(r—5n+50'n)T In +(0.05-0.045+1x02 )(0.5)
K 10

So:  dj = - =0.09
! o NT 0.240.5

and  dy =d; —0,\T =0.09-0.2/0.5 = -0.05

So: CPe" = =0T N(dy ) —Ke ™ N(dy)

Eur
=100 ¢~0-945(03) Ny(0.09) — 10e7005(05) N (-0.05)
=9.78x0.5359 —9.75% 0.4801
=0.56
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