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Solutions to practice questions - Chapter 3

Solution 3.1

G for K=0,1,2
Y:{m , where K =K(30).

iiﬂ for K>3

Solution 3.2

E[Y] = igq30 + ii5) 11 q30 + i3] 230

2
=1+ vp3g + 0" 2p30

Solution 3.3

The current payment method is probably the simplest to use. From the given mortality rates, we have:
p30=1-0.010=0.99 2730 =(1-930 )(1-g31)=0.99x0.985=0.97515

So we must have:

E[Y]=1+ vp3g + 0 opa =1+ 0.99 N 0.97515

105 " 1022 =2.82735

Solution 3.4

0 T<10
= where T=T(55)

Eﬂ—ﬁﬂ T >10

10
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Solution 3.5
_ 10 w-55
1000 1 @5 = 1000 (jo OfT(55)(t)dt L[ (ﬂj )fT 5 (1 )dtj
= 1000 j ot \pss dt
Solution 3.6

Since 5 =0.05, we have o' =¢7 %" With de Moivre’s law, the future lifetime of (55) is uniformly distributed on
the interval (0,35]. The survival function is thus: ;ps5 =1-t/35 for 0 <t < 35. Evaluating the current payment

35
formula will require an integration by parts to evaluate _[ 10 te %! gt . However, evaluating the aggregate

payment formula will only require exponential integrals.

1000 1055 = 1000 [ @7 (77 - 1) Frgss) ()t

1—¢ 0.05¢

_1000j SS[T

35 35
_ 1000 2oj dt j e 005 g _7.86939 j dt
10 10

35

— 7.86939 ialiE
35

1 20%25 + 20| & —7.86939 x 25

10
=3,719

Solution 3.7

The fund is 1.1x3,719=4,091 to the nearest dollar. The life (55) will have to live at least 10 years for Y to exceed

this number. So we have:

Pr(Y < F) =1-Pr(Y > 4,091) = 1 - Pr(ag - g > 4.091)

10057

~1 - Pr(ap > 11.960) =1 - Pr[ > 11.960}

= 1- Pr(0.40199 > ¢ *®T ) = 1- Pr(T > 18.227)
18.227

=1-1g827p55=1—- (1 - j =0.521
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Solution 3.8

ay, =1+ovp, +022px +ee
=1+e % H 120 g2 ... (geometric series)
1 e 1+i  1+i

1Ot O e H Tvi—(1-qy) i+

Solution 3.9

Y is a discrete random variable with only 3 possible values:

Y=1 if K=0 and Pr(K=0)=g3(=0.01
Y=1+0=1.95238 if K=1 and Pr(K =1)= 1|43 =0.99x0.015 = 0.01485
Y=1+0v +0%=2.85941 if K>2 and Pr(K >2)=0.99x0.985=0.97515

We already have E[Y]=2.82735. The second moment is:

E[Y? | =12x0.01 + (195238)” x0.01485 + (2.8591)” x 0.97515
=8.03965

So the variance is 8.03965 —2.827352 =0.04576 .

Solution 3.10

There is a standard formula for this variance:

2 Ass— (Ass )’

var(Y) = 1,000% x o

There is also a shortcut calculation of insurance moments for de Moivre’s law (see Section 2.6 of Chapter 2)

_ a -
A o
w—X
Ay B _ 1= s
® 735 35x005

2z —35x
24, - _1-¢ 027709
35 35x0.10

Plug these numbers into the variance formula above and the resulting variance is 21,672,202.
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Solution 3.11

The aggregate present value is S=Y; +Y, +--:+Y7g9 where the Y; are independent. In Solution 3.3 we saw that
E[Y]=2.82735 . In Solution 3.9 we calculated var(Y) = 0.04576 . For the distribution of S, we have:

E[S]=100E[Y] =282.735 var($)=100var(Y)=4576

The fund Fis 1.1x282.735 = 311.009. Since this number is approximately 13 standard deviations above the mean,
it is virtually certain that the fund is sufficient. The probability of insufficiency is virtually 0.

Solution 3.12

100i (?)

303 = 20 + 50 0"® 05p3g + 500p3g + 500" 1 5p30+5007apsg + 5007° 25p30

To evaluate this formula, use v=1/1.05, and the UDD rule ;p,=1-tq, when x is a whole age and t is a
fractional part of a year:

50x(1-0.5%x0.01 50x0.99x(1-0.5x0.015
100i1'(2) =50 + x( - ) + 50x0.99 + X all X )
50%0.99x0.985x(1-0.5x0.020
| 50x0.99 Xz 0.985 , 50x0.99x x 2(5 x ) _ 576.31
1.05 1.05~
Solution 3.13
Use the insurance shortcut for de Moivre’s law:
a 1-1.06720 a 1-1.061°
Agp = 301 = = 0.45883 Ags = 15 = =0.64748
30 30x0.06 15 15x0.06

Using the annuity-insurance relation, the value of the whole life annuity due is:

1-Agp

1,000iigy =1,000 x = 9,560.71

The value of the certain and life annuity due is:

APV = 1,000(&1@ + 15| déO) :1,000(ﬂﬂ + 01515}?60 ﬁ75)

1-1.0671° 1-0.6474
=1,00 12106~ 0615, 15, 120647481 11,594.30
0.06 /1.06 30 0.06/1.06

This is approximately a 21.3% increase in the APV.
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Solution 3.14

Note first that we have:
42 :2(1 - 00-5) =2(1 ~1.06705 ):0.05743

Now let’s do the APV calculation:

10
(2 (2 1-v (2
APVzl,OOO(a%O) N 10|a510)j :1,000[ O o1 0pa0 ago)J

1-1.06710

=1,000
0.05743

+0.53667 x(a(2)iis0 - B (2))J

=1,000(7.68968 + 0.53667(1.00021x13.2668 — 0.25739))= 14,673

Solution 3.15
K(62) Probability Y
0 0.02 50
1 0.04 - 0.02 =0.02 50+75v=121.42857
2 0.96 50+750+10002 = 212.13152
Solution 3.16

From the table we have:

E[Y]=50%0.02 + 121.42857x0.02 + 21213152 x0.96 = 207.07483
E[YZJ:SOZ x0.02 + 121.428572 x0.02 + 212.131522 x0.96 = 43,544.69
var(Y)=664.70
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Actuarial models

Solution 3.17
With de Moivre’s law we have g, =1/(®—x)=1/(100-x). The backward recursion formula is:

+p. A
Ax =0y + UPx Ax+1: x 1;765 xtl

The starting point is Ajpg =1. The recursion formula leads to:

1.1 095038

1 + 0XA100
Agg= L — = 095238 Agg = = 0.92971
1.05 1.05
1,2 09971 1, 3,090775
Agy = = 0.90775 Agg = = 0.88649
1.05 1.05
Solution 3.18
You should first notice that pg; is also 0.90.
e —
ex=PxtPxeyry1 = €x41= x ~Px
Px
eq = 8.5-0.9 _ 8444 ey = 8.444-0.9 _ 3383
Solution 3.19
5
F=12 [’100(1-02w) x e "% x 0.10e""1% duw
0 N e — —
amount discount probability f (w)dw
5 5 g 015w | e 095 (0150 +1)|
=12 U e 015 gy 0.2 j we 015w dw] 12| - ~02]- : -
0 015 |, 0.152 o

= 12(3.51756 - 1.54096) =23.71910
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Solution 3.20

1

1,0001s,
3l

20 =729.88
1.06° 15

() 1,0004,, 5 =1,0000° 5py5 =

.. . .. 5 .. 729.88
il a =45 —0 Gsn=14.1121—-| ———— |13.2668 = 4.42896
(ii) 45:5] = 045 — U 5P45 50 (1 000

4

_ (a1 1
1-Ay10] _ ! (5A40:W * A4o:ﬂj

() G0 =5 In(1.06)

1-| 99 (016132 ~0.53667x 0.24905) + 0.53667
In(1.06)

In(1.06)

7.46274
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