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Solution 12.1   
 
According to Theorem 12.1, the new severity model is a weighted average of the two component severity models: 
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Solution 12.2   
 
The expected loss is: 
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So the probability that a loss exceeds the expected value is: 
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Solution 12.3   
 
The expected aggregate annual loss is: 
 

 [ ] [ ] [ ] [ ] [ ]1 1 2 2
1,000 2,00015 5 12, 500

2 3 1
E S E N E X E N E X= + = × + × =

−
 

 
It could also have been computed using the result of Question 12.2: [ ] [ ] [ ] 20 625 12, 500E S E N E X= = × = . The 
compound Poisson variance formula from Theorem 12.1 results in: 
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Approximating the distribution of S by a normal distribution with 12, 500 , 5,000µ σ= = , we have: 
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Solution 12.4   
 

For the lognormal approximation, we assume that ( )2,N
S L e

µ σ
≈ =  where: 
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Square the first equation, take natural log of both sides of both equations, and then subtract the first equation 
from the second. The result is: 
 
 2 0.14842 , 9.35927σ µ= =  
 
Approximating the distribution of S by a lognormal distribution with 2 0.14842 , 9.35927σ µ= = , we have: 
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So the answer is virtually the same as in Solution 12.3. 
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Solution 12.5   
 
From Theorem 10.1, we have: 
 
 [ ] [ ] ( ) [ ]
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From the relation 1 1L PN NS Y Y Z Z= + + = + +" " , we also have: 
 
 [ ] [ ]N [ ] [ ] [ ]N [ ]
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Solution 12.6   
 
Aggregate annual claims follow a compound Poisson distribution: 
 
 ( ) ( )1 100 100   where  Poisson 10LN LS X X N λ+ +

= − + + − =" ∼  

 
The severity model X follows an exponential distribution with mean 500θ = . From Tables 10.3 and 10.4, we have: 
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From Theorem 10.2 and Theorem 10.4(ii), we have: 
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These moments could have been calculated more quickly by realizing that 100| 100Z X X= − >  is also 
exponentially distributed with parameter 500θ = (see Table 10.2): 
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 So from Theorem 12.1, we have: 
  

[ ] ( ) ( ) ( ) 2100 4,093.65 , var 100 4,093,653.77E S E X S E Xλ λ+ +
  = − = = − =    
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Solution 12.7   
 
We assume that S is approximately normal in distribution with mean 4,093.65µ =  and variance 

2 4,093,653.77σ = . Now we need the expected limited loss formula for a normal distribution: 
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Solution 12.8   
 
The lognormal approximation takes a little more effort: 
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Now we need the expected limited loss formula for the lognormal distribution: 
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 ( ) [ ] [ ]7, 500 7,500 117.32E S E S E S+
 − = − ∧ =   

 

Solution 12.9   
 
From Theorem 11.2 and the table following this theorem, we know that PN  follows a Poisson distribution with 
parameter *λ  that is closely related to the parameterλ : 
 

( ) ( ) ( ) 100 /500Pr 100 0.81873X XX d s d s eυ −= > = = = =  
* 10 0.81873 8.18731λ λυ= = × =  
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Solution 12.10   
 
If n is the number of policies in Year 2004, and 1n  is the number of policies in Year 2005, we are given that 

11.10 /n n= , a 10% increase in exposure. From results in Section 5 of Chapter 11, it follows that the model for the 
frequency of losses in Year 2005, 05:LN , is Poisson with parameter: 
 
 1* / 1.10 10 11n nλ λ= = × =  

 

Solution 12.11   
 
The loss model in Year 2005 is 05 1.03X X= . Since the parameter θ  in an exponential distribution is a scale 
parameter, it follows that 05X  follows an exponential distribution with mean * 1.03 515θ θ= = . We have seen in 
Solution 12.10 that the frequency of losses in Year 2005, 05:LN  is Poisson with parameter * 11λ = .  
From Theorem 11.2 and the following table in Section 6 of Chapter 11, we know that the frequency of payment 
events in Year 2005 is Poisson with parameter: 
 
 ( ) 100 /515

05* * * Pr 100 11 11 9.05865X eλ υλ −= = > × = × =  
 

 

Solution 12.12   
 
The claim payment in Year 2004 is 100| 100X X− > , which follows the same distribution as X, exponential with 
mean 500. The claim payment in Year 2005 is 05 05100| 100X X− > , which follows the same distribution as 05X , 
exponential with mean 515.  

 

Solution 12.13   
 
In Solution 12.6 we calculated the expected annual claims payments in Year 2004 as: 
 
 [ ] ( )100 4,093.65E S E Xλ +

 = − =   

 
If there is an ordinary deductible of d per loss, then the expected annual claims payments in Year 2005 are: 
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Equating these expected values and solving for d results in 167.31d =  
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Solution 12.14   
 
The payment per loss in Year 2005 would be: 
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Using the expected limited loss formula for an exponential distribution, we have: 
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To hold expected annual claims payments in Year 2005 to the same level as in Year 2004, we would have: 
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Solution 12.15   
 
In Solution 12.6 when it was assumed that there was an ordinary deductible of 100 per loss, we calculated the 
expected value and variance of the annual claims payments as: 
 

 [ ] ( ) ( ) ( ) 2100 4,093.65 , var 100 4,093,653.77E S E X S E Xλ λ+ +
  = − = = − =    

 

 
If the deductible amount is replaced by a policy limit that results in the same level of expected annual claims, we 
have: 
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+
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With this policy limit, the variance in annual claims payments is determined as follows: 
 

 

( ) ( )2 2 2 /

2
1.70777 2 1.70777

2 3 ; /       (Table 10.4)

1.70777500,000 1 1 1.70777 853.88590
2!
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( ) ( )2var 10 254,582.1226 2,545,821.23S E X Lλ  ⇒ = ∧ = × =
 

 

 
This is 62.2% of the variance with a deductible rather than a limit.  

 

Solution 12.16   
 
The distribution of ( )1Y X += −  is: 
 

( ) ( ) ( )Pr 0 0.7 , Pr 1 0.2 , Pr 2 0.1Y Y Y= = = = = =  
 
Since N is Poisson distributed with mean 4λ = , the recursion formula and the starting value (Section 11.3) are: 
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Use this formula successively with 1 , 2 , and 3n= : 
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Totaling these 4 probabilities you will find that: ( ) 1.2Pr 3 2.92533 0.88109S e−≤ = = . 
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Solution 12.17   
 
In order to calculate from combinatorial reasoning, we must first filter out the zero terms in the sum and then 
adjust the frequency distribution (see Section 11.7). Let’s set notation: 
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  where  Poisson 4
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From Solution 12.16, we have: 
 

 ( ) ( )
( ) ( ) ( )

( )
Pr 1 Pr 22 1Pr 1 , Pr 2 , * 4 0.3 1.2
Pr 0 3 Pr 0 3

Y Y
Z Z

Y Y
λ

= =
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Now it is easy to duplicate the probability calculations in Solution 12.16.  For example, we have: 
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( ) ( )

* 1.2

1
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1! 3

P

P

S N e e

S N Z e e

λ− −

− −

= = = = =

= = = = = × =
 

 
It is left to the reader to verify the calculations for ( ) ( )Pr 2 and Pr 3S S= = . 

 

Solution 12.18   
 

 

( ) [ ]

( ) ( ) ( ) ( ) ( ) ( )( )
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Solution 12.19   
 
Aggregate annual claims follow a compound Poisson distribution: 
 
 ( ) ( )1 100 100   where  Poisson 10LN LS X X N λ+ +

= − + + − =" ∼  

 
The severity model X follows an exponential distribution with mean 500θ = .  For each loss ( )100Y X += −  of the 
insurer, the reinsurer pays the insurer an amount R equal to the excess of Y over 500, if there is an excess: 
 
 ( ) ( )( ) ( )500 100 500 600R Y X X+ ++ +

= − = − − = −  
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The total payment by the reinsurer to the insurer is thus re 1 LNS R R= + +" . The pure reinsurance premium is 

the expected value of reS . Since X follows an exponential distribution with mean 500θ = , we know that 
600| 600X X− >  follows this same exponential distribution. As a result, we have: 

 

 
[ ] ( ) ( )

[ ] [ ]

600/500

re

600 600| 600 Pr 600 500 150.59711

10 150.59711 1, 505.97L

E R E X E X X X e

E S E N E R

−
+

 = − = − > > = × =   

= = × =  

 

 

Solution 12.20   
 
Aggregate annual claims follow a compound Poisson distribution: 
 
 ( ) ( )1 100 100   where  Poisson 10LN LS X X N λ+ +

= − + + − =" ∼  

 
The severity model X follows an exponential distribution with mean 500θ = .  For each loss ( )100Y X += −  of the 

insurer, the reinsurer pays the insurer an amount 0.25R Y= . In this case it is easy to see that the total 
reinsurance payments are Re 0.25S S= . So the pure reinsurance premium is: 
 
 [ ]Re

Solution 12.6
0.25 0.25 4,093.65377 1,023.41E S E S= = × =   ���	��
  

 


